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Fire safety science

Civilian safety in metro sta�ons
Smoke spread in case of fire
Egress routes for pedestrians

Individual examina�ons necessary on complex geometries
Experiments expensive−→ Alterna�ve: Computer simula�ons

Figure: Experiments in metro Figure: Physical model (scale 1:15)
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Fire simula�on

Lots of so�ware tools available: FDS, FireFOAM, Ansys Fluent, . . .
Flexible: Scenarios may be varied easily

But: Large and complex geometries yield lots of workload
Simula�ons require a lot of �me

Figure: Deflagra�on of Heptane Figure: CAD model
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Computa�onal fluid dynamics

Smoke spread modeled with incompressible Navier–Stokes equa�ons

∇ · u = 0
ρ0 [∂tu + (u · ∇)u] = −∇p +∇ · (2µ ε) + f

ρ0cp [∂tT + (u · ∇) T] = 2µ ε : ∇u +∇ · (κ∇T) + q− u · f

Solu�on via numerical methods−→ Computa�onal fluid dynamics
High resolu�on necessary for . . .

Large gradients in temperature and velocity
Turbulence
Flow separa�on
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Mo�va�on for PhD project

Fires stay localized in general, not only during igni�on phase
Unnecessarily fine grids bind resources that could be used near the fire
Demand for effec�ve use of compu�ng power

Goal

Balance accuracy and workload by adap�ng resolu�on
Accelerate simula�ons by exploi�ng hardware

Numerical methods

Adapta�on Paralleliza�on
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Example: Adap�ve mesh refinement
Demonstra�on of adap�ve mesh refinement (h-adap�ve methods) via
moving vortex test case as a shape-preserving poten�al stream.

Figure: Video of velocity magnitude of moving vortex, overlaid with current mesh
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Numerical methods

Finite differences

Difference quo�ents as
differen�al operators

Finite volumes

Balance fluxes on faces
between volumes

Conserva�on laws

Finite elements

Limit func�on space to
piecewise polynomials

h-adap�ve methods h-adap�ve methods hp-adap�ve methods
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Finite element method

Shape func�ons form nodal basis

ϕi(xj) = δij =

{
1 for i = j
0 for i 6= j

Qp elements from Lagrange
interpola�on with degree p

Finite element approxima�on is linear
combina�on of shape func�ons

uhp(x) =
∑
i

ui ϕi(x)

Coefficients ui are degrees of freedom

x0
0

ϕ(x)

xx1

1

Figure: Q1 element

x0
0
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xx1 x2

1

Figure: Q2 element
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Adap�ve methods

Focus computa�onal resources on areas of interest
Align simula�on resolu�on with complexity of current solu�on

Finite Element Method (FEM) provides two different possibili�es:
h-adapta�on: dynamic cell sizes good for irregular solu�ons
p-adapta�on: dynamic func�on spaces good for smooth solu�ons

Combina�on of both possible

Figure: h-adap�vity Figure: p-adap�vity
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Adapta�on criteria

Which cells to adapt?
How to adapt? h/p?

Manual adapta�on
Automa�c adapta�on

Criterion to indicate adapta�on
General approach -OR- �ed to the problem

Automa�c hp-decision strategies discussed in the disserta�on
1 Error predic�on based on refinement history

[Melenk and Wohlmuth, 2001]
2 Smoothness es�ma�on by decay of Fourier coefficients

[Bangerth and Kayser-Herold, 2009]
3 Smoothness es�ma�on by decay of Legendre coefficients

[Mavriplis, 1994]
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Example: Reentrant corner

Singularity at reentrant corners
for ellip�c problems
L-shaped domain:

Ω = [−1, 1]2 \ ([0, 1]×[−1,0])

Manufactured Laplace
problem

−∇2u = 0 on Ω

u = ū on ∂Ω

ū = r2/3 sin (2/3 ϕ)

‖∇ū‖ = r−1/3

−1 −0.5 0 0.5 1 −1

0

1
0

1

x
y

ū(
x,
y)

0 0.2 0.4 0.6 0.8 1 1.2

Figure: L-shaped domain
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Example: Successive refinement

Ini�alize coarse mesh
Solve and refine in mul�ple cycles for tailored discre�za�on

SOLVE ESTIMATE MARK REFINE

Figure: Successive refinement

1 Calculate refinement criteria (here: error es�mates)
2 Flag 30%/3% of cells with highest/lowest criterion for

refinement/coarsening
3 Calculate decision criteria (here: smoothness es�mates)
4 Flag 90%/10% for p-/h-adapta�on
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Example: Successive refinement
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Figure: Polynomial degrees in cycle 0. Zoom 100%.
June 05, 2020 Slide 14 23



Example: Successive refinement
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Figure: Polynomial degrees in cycle 1. Zoom 100%.
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Example: Successive refinement
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Figure: Polynomial degrees in cycle 2. Zoom 100%.
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Example: Successive refinement
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Figure: Polynomial degrees in cycle 3. Zoom 100%.
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Example: Successive refinement
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Figure: Polynomial degrees in cycle 4. Zoom 100%.
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Example: Successive refinement
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Figure: Polynomial degrees in cycle 5. Zoom 100%.
June 05, 2020 Slide 14 23



Example: Successive refinement
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Figure: Polynomial degrees in cycle 5. Zoom 200%.
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Example: Successive refinement
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Figure: Polynomial degrees in cycle 5. Zoom 400%.
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Example: Successive refinement
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Figure: Polynomial degrees in cycle 5. Zoom 800%.
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Example: Successive refinement

(a) Fourier coefficient decay (b) Legendre coefficient decay (c) Refinement history

Figure: Mesh and polynomial degrees of finite elements a�er 5 consecu�ve
hp-adapta�ons.
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Example: Successive refinement
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Figure: Error convergence for different strategies
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Paralleliza�on

Current computer architectures provide mul�-core processors
Supercomputers arrange those on distributed nodes

Using all resources efficiently requires paralleliza�on
Distribu�on of workload and memory demand

Our approach: Distribu�on of domain on several processes
Each subdomain needs relevant part of the global solu�on
Requires a layer of so called ghost cells
Involves communica�on between processors

(a) Domain to be distributed

−→

(b) Subdomain for CPU 0 (c) Subdomain for CPU 1

Figure: Illustra�on of locally owned, ghost, and ar�ficial cells
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Parallel hp-adap�ve FEM
Combina�on of hp-adap�ve methods with parallelisa�on

The non-trivial parts are:
1 Enumera�on of degrees of freedom, independent of number of

subdomains
2 Consignment of con�guous memory chunks for data transfer
3 Weighted repar��oning for load balancing

Q1
4 nodes

Q2
9 nodes

Q3
16 nodes

Q4
25 nodes

...

Figure: Different finite elements and their number of nodes in 2D
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Example: Load balancing
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Figure: Mesh decomposi�on in cycle 0. Weights assigned to cells are∝ n1.9
dofs.
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Example: Load balancing
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Figure: Mesh decomposi�on in cycle 1. Weights assigned to cells are∝ n1.9
dofs.
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Example: Load balancing
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Figure: Mesh decomposi�on in cycle 2. Weights assigned to cells are∝ n1.9
dofs.

June 05, 2020 Slide 20 23



Example: Load balancing
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Figure: Mesh decomposi�on in cycle 3. Weights assigned to cells are∝ n1.9
dofs.

June 05, 2020 Slide 20 23



Example: Load balancing
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Figure: Mesh decomposi�on in cycle 4. Weights assigned to cells are∝ n1.9
dofs.
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Example: Load balancing
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Figure: Mesh decomposi�on in cycle 5. Weights assigned to cells are∝ n1.9
dofs.
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Example: Strong scaling
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105 DoFs per process

Figure: Strong scaling for fixed problem size of∼ 970 million degrees of freedom
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Summary & Outlook

New algorithm for massively parallel hp-adap�ve methods, generally
applicable for any FEM so�ware
Reference implementa�on in deal.II involves:

Enumera�on of degrees of freedom, independent of number of
subdomains
Consignment of con�guous memory chunks for data transfer
Weighted repar��oning for load balancing
Selec�on of adapta�on strategies for hp-FEM

Future steps:
p-Mul�grid methods
MatrixFree methods
Provide tutorial in deal.II as a manual for a broader audience
More applica�ons
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INS assump�ons

Incompressibility assump�on: Mach number < 0.3
Buoyancy force with Boussinesq approxima�on:
f ≈ ρ0g− ρ0gβ(T − T0)
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Karniadakis scheme

Explicit convec�on step
(u∗ − un)/k = −∇ · (unun) + fn+1

Pressure Poisson equa�on and velocity reconstruc�on
∇2pn+1 = −1/k∇ · u∗
u∗∗ = u∗ − k∇pn+1

Implicit diffusion step
(un+1 − u∗∗)/k = ∇ · (2νε)
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Dimensionless quan��es

Reynolds number: iner�al/viscous forces (turbulence behavior)
Rayleigh number: �me scales for thermal transport diffusion/convec�on
Grashof number: buoyant/viscous forces
Prandtl number: momentum/thermal diffusivity
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Types of PDEs

General form of second order PDE with two variables

Auxx + 2Buxy + Cuyy + Dux + Euy + +Fu + G = 0

Ellip�c equa�ons: B2 − AC < 0
Laplace equa�on: −uxx − uyy = 0
Hyperbolic equa�ons: B2 − AC > 0
Wave equa�on: u� − c2uxx = 0
Parabolic equa�ons: B2 − AC = 0
Heat equa�on: ut − αuxx = 0
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Ar�ficial cells

Every process knows about global coarse mesh
Correct level representa�on only on locally owned cells
2:1 mesh balance
Ar�ficial cells as coarse as possible
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Space-filling curve

Z-order space filling curve
Par��oning via leaves of tree structure

Figure: Correspondence of hierarchic tree structure and geometry, incorpora�ng
par��oning and the space-filling curve
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Finite element method
Solve varia�onal equa�on from ’weak’ formula�on of the differen�al
equa�on with bilinear form a(u, v):

∃u ∈ V : ∀v ∈ V : a(u, v) = f(v)

Choose subspace Vh with basis wi, out of which the approximate
solu�on uh =

∑
uiwi ∈ Vh will be constructed:

a(uh,wj) =
∑
i

a(wi,wj) ui = f(wj) → AU = F

Figure: Q1 elements in 2D
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Laplace equa�on

Mul�ply with test func�on, integrate and apply Gauss theorem

−∇2u = f

−
∫
Ω
∇2uϕ =

∫
Ω
∇u∇ϕ−

∫
∂Ω

(n · ∇u)ϕ =

∫
Ω
f

ϕ = 0 on boundary

(∇u,∇ϕ) = (f, ϕ)

Discre�zed ∑
j

(∇ϕi,∇ϕj) uj = (f, ϕi)

AU = F
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Gaussian quadrature

AKij =

∫
K
∇ϕi · ∇ϕj ≈

∑
q
∇ϕi(xKq) · ∇ϕj(xKq)wK

q ,

FKi =

∫
K
ϕif ≈

∑
q
ϕi(xKq)f(xKq)wK

q ,
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Choose finite elements upon adapta�on

Q2
Q2 Q2

Q2 Q2

Figure: hp refinement

Q2 Q3

Q1 Q2

Q3

Figure: hp coarsening
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Enumera�on of degrees of freedom

Numbering of DoFs necessary to build linear equa�on
Paralleliza�on and p-adap�ve methods require different algorithms

See parallel [Bangerth et al., 2012] and hp
[Bangerth and Kayser-Herold, 2009] papers for details

Combina�on of both algorithms not trivial

Why not number DoFs locally and handle rela�ons with constraints?
Number of DoFs would vary with number of processors
Larger matrices & vectors, thus higher memory demand

Need for algorithm independent of number of processors
Results independent of number of processors

— Proof that solvers work
Simplifies debugging
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Enumera�on algorithm

Developed 6-phase algorithm
Requires two ghost exchanges

1 Local enumera�on of DoFs
2 Invalidate DoFs on ghost interfaces to processors with lower rank
3 Unifica�on of DoFs on local domain and ghost interfaces

Ownership of DoFs clarified
4 Global re-enumera�on of DoFs

Local DoF indices set

5 Exchange of locally owned DoFs
6 Merge DoFs on ghost interfaces

Global DoF indices set
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Example of applica�on of enumera�on algorithm

CPU 0

CPU 1

Q2 Q4

Q4 Q2

(Phase 1) Local enumera�on

Figure: Example of applica�on of our enumera�on algorithm for degrees of freedom
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Example of applica�on of enumera�on algorithm
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Figure: Example of applica�on of our enumera�on algorithm for degrees of freedom
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Example of applica�on of enumera�on algorithm
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Figure: Example of applica�on of our enumera�on algorithm for degrees of freedom
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Example of applica�on of enumera�on algorithm
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Figure: Example of applica�on of our enumera�on algorithm for degrees of freedom
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Example of applica�on of enumera�on algorithm
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Figure: Example of applica�on of our enumera�on algorithm for degrees of freedom
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Example of applica�on of enumera�on algorithm
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Figure: Example of applica�on of our enumera�on algorithm for degrees of freedom
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Example of applica�on of enumera�on algorithm
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Figure: Example of applica�on of our enumera�on algorithm for degrees of freedom
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Data transfer across subdomains

On distributed triangula�ons, each subdomain needs access to relevant
frac�on of global quan��es
Changes on cell ownership requires transfer of these quan��es

Ac�ve finite element indices
Solu�on
...

With p-adap�ve methods, per cell data sizes may differ

Communica�on between involved processors required

Algorithm should be generic, i.e. independent of scenario
1 Crea�on of memory buffers
2 Transfer data of fixed and variable size
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Structure of memory buffers

Register func�ons that prepare data to be transferred via callback

On each locally owned cell:
1 Pack data for each registered callback individually
2 Store memory sizes of each callback’s data pack
3 Store memory size of cell’s complete data pack

A�er each cell is processed:
4 Move each cell’s packed data into con�guous buffer

cell 1 cell 2 ...

callback 1 callback 2 ... callback 1 callback 2 ... ...
... ... ... ... ... ...... ...

Figure: Division of con�guous memory chunk
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Data consignment

Treat fixed and variable size data separately
Each transfer algorithm op�mized for their specific task
Poten�ally slower variable size transfer will only be used when necessary

1 Fixed size data:
Refrain from using compression
Addi�onally pack CellStatus informa�on
Gathering callback sizes on first packed cell will suffice

— Communicate callback sizes to all processors

2 Variable size data:
Compression allowed (using ZLIB)
Size of each callback’s data differs from cell to cell

— Register addi�onal callback for fixed size data transfer
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Data transfer

We have con�guous memory chunks for data transfer during
repar��oning, refinement/coarsening, serializa�on

Program may be resumed with a different number of processors

Data consignment independent of transfer algorithms used for
repar��oning, refinement/coarsening, serializa�on

Use non-blocking MPI communica�on for all opera�ons
deal.II u�lizes interface to p4est [Burstedde, 2018]
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FEM error behavior

Error behavior for hp-FEM is well understood [Babuška and Suri, 1990]

‖∇ (u−uhp)‖H1(Ω) ≤ C
hp

pm−1 ‖u‖Hm(Ω)

Exponen�al convergence rate possible with hp-adapta�on
[Babuška and Guo, 1996]

‖∇ (u−uhp)‖H1(Ω) ≤ C exp (−bNαdofs)

with α = 1/3 in 2D and α = 1/5 in 3D
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Kelly error es�ma�on

Error es�mator by [Kelly et al., 1983]
Meant for generalized Poisson equa�on−∇ · (a∇u) = f
Proved to be useful in other applica�ons as well

‖ehp‖2
H1(Ω) ≤ C

∑
K∈Ω

η2
K

η2
K =

∑
F∈∂K

cF
∫
F

[
a
∂uhp

∂n

]2
do

[
a
∂uhp

∂n

]
= a

∂uhp

∂nK

∣∣∣∣
K

+ a
∂uhp

∂nJ

∣∣∣∣
J
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Refinement history
Verify predic�on’s accuracy
Decide on either h- or p-adapta�on
on marked cells

Keep h small: ηK > ηK,pred
Keep p large: ηK ≤ ηK,pred

Figure: h-adapta�on

Figure: Error predic�on algorithm based on [Melenk and Wohlmuth, 2001]

Adapta�on type Predic�on formula
no adapta�on ηK,pred = ηK γn

p-adapta�on ηK,pred = ηK γ
(pK,future−pK)
p

hp-refinement (ηKc,pred)2 = n−1
Kc

(
ηKp γh 0.5pKc,future γ

(pKc,future−pKp )
p

)2

hp-coarsening
(
ηKp,pred

)2
=
∑
Kc

(
ηKc (γh 0.5pKp,future )−1 γ

(pKp,future−pKc )
p

)2
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Smoothness es�ma�on

Different representa�ons of finite element approxima�on

uhp(x) =
∑
i

ui ϕi(x) =
∑
k

ck Pk(x)

Choose orthogonal basis {Pk} of increasing frequency
Uniquely a�ribute frequency of oscilla�ons to each basis func�on
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Orthogonal basis

Legendre: Orthogonal basis of polynomials

Pk(x) =
1

2kk!

dk

dxk
(
(x2 − 1)k

)
〈Pk, Pl〉 =

∫
Pk(x) Pl(x) dx =

2
2k + 1

δkl

Fourier: Orthogonal basis of sinusoids

Pk(x) = exp (−i 2πk x)

〈Pk, Pl〉 =

∫
Pk(x) P∗l (x) dx = δkl
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Legendre polynomials
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Legendre polynomials
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Legendre polynomials
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Legendre polynomials
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Legendre polynomials
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Legendre polynomials

−1 −0.5 0 0.5 1

−1

−0.5

0

0.5

1

x

P k
(x

)

P0 = 1
P1 = x

P2 = 1
2

(
3x2 − 1

)
P3 = 1

2

(
5x3 − 3x

)
P4 = 1

8

(
35x4 − 30x2 + 3

)
P5 = 1

8

(
63x5 − 70x3 + 15x

)

June 05, 2020 Slide 27 34



Fourier sinusoids
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Fourier sinusoids
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Fourier sinusoids
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Fourier sinusoids
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Fourier sinusoids
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Decay of Legendre coefficients
Determine coefficients {ck} on every cell K:

ck =

∫
K

uhp(x) Pk(x) dx

FE approxima�on is analy�c if coefficients decay exponen�ally
[Eibner and Melenk, 2007]

|ck| ≤ C exp (−σ|k|)

Determine decay rate σ via least-squares fit

ln(|ck|) ∼ C̃ − σ|k|

Decay rates σ considered as smoothness es�mates
Keep p large if σ is large
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Decay of Fourier coefficients

FE approxima�on is part of Hilbert spaceHs if integral exists∫
K

|∇suhp(x)|2 dx = (2π)2s
∑
k

|ck|2 k2s <∞

⇒ |ck| = O
(
k−σ−ε

)
with σ = s + dim/2

Determine coefficients {ck} and their decay via least-squares fit on
every cell K:

ck =

∫
K

uhp(x) P∗k(x) dx ln(|ck|) ∼ C − σ ln (|k|)

Decay rates σ considered as smoothness es�mates
Keep p large if σ is large
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MASSIVELY PARALLEL HP-ADAPT IVE FEM
More results
June 05, 2020 Marc Fehling m.fehling@fz-juelich.de



Error convergence
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Figure: Customly scaled error convergence plot
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Error vs run�me
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Figure: Error against wall�me
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Weigh�ng exponent
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Figure: Wall �mes for load balancing with varying weigh�ng exponents
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Scaling on successive refinement
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Figure: Scaling on successively refined grids
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